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RESEARCH MEMORANDUM -

AN APPROXIMATE METHOD FOR ESTIMATING THE INCOMPRESSIBLE -
LAMINAR BOUNDARY-LAYER CHARACTERISTICS
ON A FLAT PLATE IN SLIPPING FLOW

By Coleman duP. Donaldson
SUMMARY

An approximate method 1s presented for the estimation of the
properties of the incompressible laminar boundary layer on & flat
plate in the slip—flow region using Kédrmdn's momentum method.

At equivalent stations on the same body at the same Reynolds
number, the total thickness and the skin frictlon of a slipping _
boundary layer are less than that of the normal boundary layer at the same
Reynolds number. However, the difference between the slip and normal
boundary layer is small until slip velocltles at the wall are encountered
which are large in comparison with the free—stream velocity; that

is, uy 2 0.3uy. An important effect of slip 1s that on the displacement
thickness of the boundary layer.

The following criterion 1s presented for determining the Importance
of slip phencmsena: If I—?’- > 0.0k, slip becames an important factor in .

describing viscous phencmena,
INTRODUCTION

Recent interest in very high altitude flight has led to an interest )
in and considersble speculation as to the nature of gas flows when the o
mean free path of the gas molecules is of the order of magnitude of the
boundary—layer thickness on & body and also for which the mean free
path of the molecules is of the arder of magnitude of the length of the
body itself. Tsien (reference 1) has described these two types of Tlow,
the former being called the slip—flow regime and the latter the free—
molecule—flow regims.
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There has been conslderable work done on shear or drag forces
in the slip—flow region (see references 2, 3, and 4), but most of this
work has been dons on bounded flowe such as the flow between two
concentric rotating cylinders or the flow hhrough long tubes. It is
the purpose of this paper to investigate the general nature of the
slip flow on & flat plate when the mean free path is of the order of,
but less than, the boundary-—layer thickness. The analysis is only an
approximation, but the propertles of a laminar boundary layer in the
slip~flow regime and the magnitude of the drag reduction due to slip
are, evaluated. Insofar as a simple method of evaluation ls useful,
such an approximate analysis may be Justified.

SYMBOLS : N
Cp drag coefficient I —
k ratio (5/))
1 length of flat plate L
L length of order of mean free path -
m mass of moleéule
u horizontal velocity
v vertical velocity
x horizontal coordinate
y vertical coordinate -
o] boundary—layer thickness -
A - mean free path . —
¥ ‘ viscosity
v kinematic viscosity
p density

T ghear stress
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Subscripts:

n : normal flow

o free—stream values
8 . slip flow

W wall values

ANATYSIS

Kerman's momentum theory for the boundary layer on & flat plate
may be expressed (see reference 5) by the formula

s
T =% | eulu, - way (1)

This formula may be used 1f the normal boundary-layer assumptions are
valid; that is, that the boundary—layer thickness 1s small campared with
the distance to the leading edge of the plate, that the flow in the
boundery layer 1s almost pareilel to the surface, and that the major
viscous terms are of the same order of magnitude as the inertia terms.

It will be seen as the analysis progresses that these conditions are met,
and so a veloclity profile for the laminar boundary layer conslstent
with the boundary conditions in slip flow will be assumed and used to
golve equation (1) for the rate of growth of the boundary layer and the
value of the surface frictlion at a given station.

The velocity at the wall in a slip flow from elementary kinetic
considerations (ses reference 4, pp. 291-299) may be taken as

@)

so that if a boundary-layer profile of the form

_=A+B%+C<%)2 (3)

Vo
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is assumed, the followlng boundary conditions msy be taken

y=0 u=uy, = d€> ]
a¥/w
> (%)
y=29 u = Ug and %—?:O

The application of these boundary conditlons results in

u_ 2\ 2y
%+ 5 TN +5 " EK_X;2 ¥ 5) (5)

The friction at the wall is o =

_ () | 2o
Tw = “<dy>w 2 + 6 (6)

Upon substituting equations (5) and (6) in equation (1) and assuming the
flow to be incompressible, the following result is obtained by carrying
out the integration : =

2.2 2.3
ouu A3 + i—&
Ty = = pu? |22 (7)
¥ oA+ B ©

Equation (7) is differentiated to obtain

2pu 1
(o] = Ou°2 3 5 _ 5 gé ( 8)
2 + B 1 (er +8)2 (A 4 8)

ail
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This equation is now Iintegrated and yields

x:ig Q?._ﬁxaq.l:é__L__l___aL 8 log&\'_. (9)
v |10 15 15 (2a + B) 15208 + 8 l5

This equation relates the distance fram the leading edge of a flat plate

and the boundary—layer thickness for a given mean free path. Equation (9).

may be simplified by the introduction of the plate length 1 and the
ratio

>l
]
w

whersby equation (9) becames

x _ Yol 8 16 1 1 X3 8 2 +k
TV G)(lo—l_ *I5FFE 1557k 15108 2) (10)

or
S NORLY (11)

Equation (11) gives the position on a flat plate at which the
boundery layer is k +times thicker than the mean free path. The value
of f£(k) is plotted against Xk in figure 1.

Fram equation (2) the velocity at the wall at any point is given by

0 (12)

and from equation (6) the friction stress at the wall divided by twice

the dynamic pressure 1s
"'w 1 2
= —{2 1
p‘l]o Rn@ + k ( 3)
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The displacement thickness of the boundary layef is found to be
1
~ 2)afd) . X :
<l ugd@ " T¥ 3 (14)
o )

It is readily seen that if the mean free path A 1s placed equal
to zero in equation (5) the boundary-layer profile becomes

L - 211..12
Yo 5 B

and the boundary-layer thickness is found, by puﬁting A=0 in

equation (9), to be
8 = 5.&8\/25 :
uo -

which is in general agreement with the Blasius solution. —
EXAMPLE

A specific example 1s now worked out to illustrate for a particular
case the difference between a slip and a normal flow. Thiug a Reynolds
number of 100 was assumed and the ratio of plate length to mean free
path was chosen as 25. This might correspond to & l-foot=chord plate
traveling at a Mach number around 2.9 at an altitude of 250,000 feet,
since (see appendix A)

R
M= o

S (15)

o~ >

A lower veloclity might have been chosen for a2 l-foot body at 250,000 feet,

80 that the flow would be incampressible, but the resulting lower Reynolds
number would have given a larger boundary layer &nd the slip—flow region would
have been confined to a samewhat smaller region near the leading edge so

That it would have been more difficult to demonstrate the results of the

bl

[

K] 1
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8lip. Indeed, thils fact indicates the desirability of extending the
analysls to Include the effects of compressibility.

Figure 2 shows the solutlon for the thickness of the boundery layer
along the plate in terms of the dimensionless ratios /A and x/1.
The velocity profiles are also plotted at thelr proper positions. It
is seen that there 1s & slip velocity at the wall over the entire plate.

Figure 3 shows this solubtlon compared wilth the normal boundsry—layer
solution at the same Reynolds number. It is seen that the slipping
boundary layer is thimmer at equlvalent statlons than the normsl boundary
layer (taken in this example to be the solution when A = 0).

Figure 4 shows a comparison of the displacement thicknesses in terms
of the ratio ®%/1 for the two cases. It can be seen that there is a

large effect on the displacement thickness due to sllp, as might be expected.

Finally, figure 5 shows a comparison of the local skin frictions in
the two cases. It may be seen that as the thickness of the boundary layer
becomes large with respect to the mean free path, the slip skin friction
approaches the normel value., But at the leadling edge where, since theres
iz no boundary leyer, the flow must be a free-molecule flow, the result
of thls analysis l1s compared with the free-molecule stress coefficient
given by (see appendix B):

_ 0.366 _ 0.366
=" ~zor - 018

It 18 seen that the present method yields a stress at the leading
odge that is Just twlce the value derived fram free molecule consideratlions.
IT these skin frictions are integrated over the surface of the plate, the
drag coefficlent for the sllp flow on one surface is found to be

Cds = 0.1312
while for the normal flow at the same'Reynolds nurber 1t is found to be
Cd = O.lll-60
T

The figure shows that the effect of sllp has little effect on the skin
friction over most of the plate.
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DISCUSSION

Strictly speaking, the equation for ths velocity at the wall

(sh%
uW = x<——
3y w

holds only for the boundary layer when the mean free path 1s considerably
less than the boundary-—layer thickmess. The error is principally that,

in deriving the equation for the velocity at the wall, the momentum brought
in to the wall by molecules at an average distance L from the wall is
(see reference 4, p. 1%0)

m | Uy +L<d‘—u)
dyw

It may be seen from the shape of the veloclty profile in figure 6 that
this assumption becamses feasible when the boundary—layer thickness is
approximetely twice the length L or approximately twice the mean free
path, It 1s, therefore, obvious that this type of analysls is only
applicable to boundary-layer regions when tke mean free path is about
one-half or less than one~-half the boundary-layer thickness.

: From the analysis 1t is seen that the thicknesses and rate of growth
of the slip boundary layer are of the same order of magnitude as those
of a normal boundary layer at the same Reynolds number, and hence the
boundary—layer assumptlons necessary for equation (1) must be equally

valid for the slip boundary layer. 7 .

In general, the effect of slip is to decrease the drag and the
boundary—layer thickness from what would be calculated for a normal
boundary layer at the same Reynolds number. The greatest effect of slip
is upon the displacement thickness. The growth of the boundary layer
end the skin friction at the wall mey be very close to the normal values
oven in the presence of & considerable sllp velocity at the wall; that
is, uw = 0.3u,. ' N

It should be noted that further boundasry conditions may be imposed
by assuming higher powers of y/S in the equation of the velocity profile.
The most obvious condition neglected by this analysis ls

T T
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.8,

This condition leads to results in somevwhat better agreement with the
Blaslus results for the case of A = O where u,, = 0 so0 that

(’?‘2{3),;, =°

but leads to difficulties in the analysis when the mean free path is
appreclable and there exists a slip velocity at the wall.

From the example it may be seen that if the boundary layer at the
end of the plate has a thickness less than about 20 times the mean fres
path, 1t might be expected that the effects of slip would be important.
From this fact it is possible to construct, with the aid of equations (11)
and (15), an approximate criterion for the Importance of slip
phenamens., Upon substituting equation (15) into equation (11) and

putting = 1.0 for the trallling edge, there results

~IN

18 J..la—b”z’:f(k)r._fE

If k i1s to be less than 20 at the traillng edge, then f(k)TE must
be less than 16.5, or roughly

Mv> L (16)
125

From this spproximate criterion for the importance of slip-flow
effects, 1t may be seen that slip phencmena will be more important at
high Mach mumbers and the present analysis should be extended to include
the effects of campressibllity. This criterion agrees well with the
slip—Fflow regime as defined by Tsien. Further, 1t may be seen that the
two fundamental variaebles most useful to describe gas flows at low
densities are Mach number and the ratio of mesen free path to body length.
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CONCLUSIONS . — =

1. An approximate method of estimating the slip—flcw boundary layer
on & flat plate has been presented.

. 2. At equivalent stations the total thickness and the skin friction
of a slipping boundary layer are less than that of the normal boundary -
layer at the same Reynolds number. )

3. The difference between the slip and normal boundary layer is small
until slip velocitles at the wall are encountered whicg ere large in
camparison with the free—stream velocity, that is, u, = 0.3u,.

4, An importent effect of slip is that on 'bhe displacement thickness of
the boundary layer.

5. The following criterion 1s presented for determining the importance

of slip phenomena: If D?' > 0.04, slip becames an important factor in

describing viscous phencmensa.

Langley Aeronautical Laboratory ' ¥
National Advisory Camittee for Aeronat.tics
Langley Alr Force Base, Va.
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APPENDIX A
DERIVATION OF EQUATION (15)

Reynolds number is defined as

= 2ul _ ul ph
"o M Ao
and, from the kinetic theory of geses,

p = 0.499p3A

so that practicelly

R, =2

o1
bl

Since the mean molecular velocity & for air is 1.462 times the
velocity of sound &, there results

or

1.37
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APPENDIX B . —
DERIVATION OF FREE-MOLECULE FRICTION STRESS COEITICIEZNT

The momentum which strikes a unit area in a unit time of a flat
plate in a free-molecule flow is 1/bpBuy. If all the molecules are

reflected with zero velocity from the surface of the plate, the shear
stress at the surface 1s : -

The stress coefficlent is therefore

T
W

_15 2
puo Eu —)4-
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oot ik | .



NACA BM No. I9CC2

8- 8 = ° = S

/g ‘gyed eesy mBeE 0 S8SWCOTYY JeLIT—LIBpUNOG JO OTBY

o8 o3 1.0

T

.h .5
Digtance along plate, x/1

o3

o2

15

100; % - 25,

Ry

Flgne 2.— Boundary layer on & flat plate in slip flow,



Eatio of amﬂa:v—la;ar thickness to plate length, 8/2

LY
foud

\ L

\

s

[ _

o1

.2 .3 lllv .5 I6 [ ? .8

Digtance alcng plate, x/1
¥gnre 3.,— Comparison of the normal and plip bounlary layers on & flat plate. By = 100,

o9 1.0

o1

2006 *ON 1 VOVN



Ratio of displacement thicimess to plate length, B%/1

02

o10

\

\

Distence along plate, x/1

Figure li,— Comparison of displacement thickness of normal and elip boundary laysrs, Ry = 100,

T Nt
-]
|
«J ot 5 o6 o7 A 9 1.0

2006 *ON W VOV N

LT




24
|
«20 \
)
T Free-molecule shear streas
puoe 12 \
\/ Normal flow, % =0
08

0 ==

TIFIA?‘@?

0 -1 .2 03 oh 05 .6 c? 08 09 100
Distance along plate, x/1
Pigars 5.— Campariaon of shear stress for normal and slip boundary layers an a flat plate. Ry = 100.

rlr :I .ql. I r . I o ! . .:E . 1 . I . . & | .

- BODET *ON W VOVN




]
7
7

Reference plane

:Z—_ L_/WX

Wall surface

N
&

Figare 6.— Coordinate system used to derive momentum transfer equations,

20061 *ON WY VvOVN

6T




